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Abstract 

Smooth spacetimes possessing a (global) one-parameter group of isometries and an associ- 
ated Killing horizon in Einstein's theory of gravity are investigated. No assumption concerning 
the asymptotic structure is made, thereby, the selected spacetimes may be considered as generic 
distorted stationary black holes. First, spacetimes of arbitrary dimension, n > 3, with matter 
satisfying the dominant energy condition and allowing non-zero cosmological constant are inves- 
tigated. In this part complete characterisation of the topology of the event horizon of "distorted" 
black holes is given. It is shown that the topology of the event horizon of "distorted" black holes 
is allowed to possess a much larger variety than that of the isolated black hole configurations. In 
the second part, 4-dimensional (non-degenerate) electrovac distorted black hole spacetimes are 
considered. It is shown that the spacetime geometry and the electromagnetic field are uniquely 
determined in the black hole region once the geometry of the bifurcation surface and one of 
the electromagnetic potentials are specified there. Conditions guaranteeing the same type of 
determinacy, in a neighbourhood of the event horizon, on the domain of outer communication 
side are also investigated. In particular, they are shown to be satisfied in the analytic case. 



1 Introduction 

The most significant part of our insight into black holes originates from the study of the well-known 
Schwarzschild and Kerr black holes. According to the powerful black hole uniqueness theorems 
(see e.g. Refs. |10[ [TT| [3 [30]) they are known to be the only asymptotically flat stationary black 
hole solutions of the vacuum Einstein equations. On one hand, the requirement of asymptotically 
flatness is natural to be imposed whenever one is interested in the properties of black holes which 
are completely isolated in space. On the other hand, it is also of great importance to know how 
these isolated black holes might be distorted by external matter or other mass distributions as it has 
to happen in all physically realistic situations. Therefore, it is of crucial interest to determine all 
the possible distorted black hole solutions and also to provide a clear characterisation of them. In 
this paper we flnd all stationary distorted black holes in Einstein theory of gravity, moreover, some 
of their generic properties are also investigated. 

To understand our motivations in setting up the mathematical framework we shall apply let us 
recall flrst that a key result in the black holes uniqueness proofs is the so-called black hole rigidity 
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theorem of Hawking [29^ 130). which asserts that, in Einstein's theory of gravity, the event horizon 
of an analytic stationary asymptotically flat electrovac black hole spacetime is necessarily a Killing 
horizon, i.e., the spacetime must possess a Killing fleld (possibly distinct from the asymptotically 
stationary KiUing field) which is normal to the event horizon. A consequence of this result is that in 
an asymptotically fiat stationary (non-static) black hole spacetime there exists an additional axial 
Killing vector field, i.e., a stationary black hole spacetime is either static or stationary axisymmetric. 
With the help of these results the uniqueness of electrovac black holes can be proved by showing the 
uniqueness of solutions to an elliptic boundary value problem [34} [35t flOj fTTj [42} [7j where the elliptic 
equations are derived from the Einstein's equations on the space (or on a suitable factor space) of 
the "t = const" hypersurfaces while the boundary values are specified at locations corresponding to 
the bifurcation surface of the event horizon and at spacelike infinity [7] . It was (implicitly) assumed 
in the corresponding arguments that in the non-degenerate case the black hole event horizon is a 
bifurcate type Killing horizon. The validity of this assumption has been justified by a series of papers 
for the smooth geometrical setting either for generic metric theories of gravity [50l [5T] or in general 
relativity with the inclusion of various matter fields O |l2] • 

Recently, the above recalled classic result of Hawking has been generalised to the case of higher 
dimensional stationary black hole spacetimes by Hollands, Ishibashi and Wald [33] • In particular, 
it was justified by them that the event horizon of an asymptotically fiat analytic stationary (non- 
degenerate) black hole must be a Killing horizon even in the case of higher dimensional spacetimes. 
Therefore, there seems to be no loss of generality in representing generic stationary distorted black 
holes by spacetimes possessing a Killing horizon which will be done in this paper. It seems also to 
be reasonable that in a framework suitable to investigate the properties of distorted stationary black 
holes the assumption of asymptotic fiatness should be relaxed. Therefore, no restriction concerning 
the asymptotic structure will be imposed which, in particular, means we shall not restrict our 
considerations to asymptotically fiat or asymptotically (locally) anti-de-Sitter spacetimes. 

Obviously, the black hole uniqueness results exclude the possibility of having, e.g. asymptotically 
fiat stationary vacuum black hole solutions other than the members of the Kerr-family. Nevertheless, 
the more generic class of spacetimes we are dealing with contains all of those configurations which 
may be relevant in the context of "distorted black holes". Recall that all the static axially symmetric 
vacuum "distorted black hole" configurations are known and their properties have been studied 
extensively — for more details concerning these spacetimes see, e.g., Refs. [36l [HI [49l EHl O HSl 
[20} [STJ [211 dH [Ml [22] • A limited subclass of electrovac static axisymmetric distorted black hole 
spacetimes has also been described and investigated in [14]. Originally the static distorted black 
hole solutions were considered to be relevant only locally by representing a black hole solution yielded 
by the distortion of the Schwarzschild solution by certain external mass distributions. Nevertheless, 
later it was also noticed that the generic distorted static black hole spacetimes might also play an 
important role in context of four (or higher) dimensional black holes whenever one (or some) of the 
spacelike dimensions is (or are) compactified (see e.g. Refs. |45 [ \BT \ \2T\). 

In this paper spacetimes admitting a global one-parameter family of isometry actions and an 
associated KiUing horizon will be investigated in Einstein's theory of gravity. In the first part the 
topology of the Killing (or event) horizon of these spacetimes will be considered. In this part the 
spacetime dimension will be assumed to be arbitrary (n > 3), moreover, concerning the matter 
content only the dominant energy condition will be required to be satisfied and we shall also allow 
the inclusion of non-zero cosmological constant. It is shown then that the topology of the Killing 
(or event) horizon is much less restricted than that of the isolated black hole configurations. In 
particular, in case of a 4-dimensional spacetime with non-positive cosmological constan10 whenever 

^Notice that positive cosmological constant — in our metric signature which is (-I-,—,...,—) — is associated with 
anti-de Sitter type configurations. 
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the smooth global cross-sections of the horizon are "convex on the average" — in the sense that the null 
geodesic congruences transverse to the event horizon are guaranteed to be non-contracting on the 
average towards the "domain of outer communication" — they possess the topology of either a sphere 
or a torus, while the global cross-sections may be of higher genus compact orientable 2-surfaces 
whenever the cosmological constant is positive. 

In the second part, attention will be restricted to the case of 4-dimensional electrovac distorted 
black hole spacetimes with non-degenerate Killing horizon. By making use of a combination of 
the Newman-Penrose formalism [47] and that of the null characteristic initial value formulation of 
Friedrich [T^ the true physical degrees of freedom of the selected class of stationary electrovac black 
holes will be explored. It is shown that the geometry and the electromagnetic field in the black hole 
region of each of these spacetimes are uniquely determined by the specification of the 2-metric of the 
cross-sections of the event horizon, along with that of one of the electromagnetic potentials there. 
Within the Newman-Penrose formalism a reduced set of quasilinear first order partial differential 
equations (PDEs) are derived which determine the spacetime metric and the electromagnetic field 
on both sides of the event horizon. Then conditions guaranteeing the unique determinacy of the 
investigated distorted black hole spacetimes — in terms of the 2-metric of the bifurcation surface and 
that of one of the electromagnetic potentials there — , in a neighbourhood of the event horizon, on 
the domain of outer communication side are also investigated. In particular, it is shown that the 
relevant first order quasilinear PDEs do possess unique solutions on domain of outer communication 
side in the analytic case. We would like to emphasise that since the initial data — consisting of the 
2-metric of the bifurcation surface and the relevant electromagnetic potential — is completely free, 
thereby the associated spacetimes do not possess any spacetime symmetry besides the one associated 
with the Killing horizon whence, in particular, they need not be axially symmetric either. 

This paper is organised as follows: In Section[2]we specify the class of black hole spacetimes to 
which our main results apply. Section[3] starts by providing an introduction of the notions of elemen- 
tary spacetime regions and Gaussian null coordinates. The following part, SectionSl is devoted to 
the study of the topological properties of the selected spacetimes. Then, in SectionlH some details of 
the applied mathematical techniques and the relevant results will be recalled. This part is followed 
by an immediate application of the associated techniques to the selected class of four dimensional 
vacuum stationary black hole spacetimes. Section[6] is to summarise the main features of the inves- 
tigated black hole spacetimes, while in Section[7]the consequences of the differences which will show 
up in the electrovac case, with or without the inclusion of non-zero cosmological constant, will be 
discussed briefiy. Section[8] contains our final remarks and the addressing of some open issues. 

2 Preliminaries 

Throughout this paper a spacetime {M,gab) is taken to be an n-dimensional {n > 3), smooth, 
paracompact, connected, orientable manifold M endowed with a smooth Lorentzian metric gab of 
signature — ). It is assumed that {M,gab) is time orientable and that a time orientation 

has been chosen. 

In the first part of this paper a spacetime (M, gab) will only be assumed to satisfy the Einstein 
equations 

Bab - ^9abR + hab = SnTab, (2.1) 

where A stands for the cosmological constant, with energy-momentum tensor. Tab, satisfying the 
dominant energy condition. Recall that the dominant energy condition is said to be satisfied if for 
all future directed timelike vector ^° the contraction T'^b^^ is future directed timelike or null vector 
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As indicated above in the second part 4-dimensional electrovac spacetimes will be considered. 
The electromagnetic field is assumed to be represented by a 2-form field Fab which satisfies, in 
addition to l|2.ip . the Maxwell equations 



V'^Fab = and V[„n,] = 0, (2.2) 
moreover, the energy momentum tensor, on the r.h.s. of (|2.ip . is supposed to take the form 



FeaFb^-pab [FefF'^) 



(2.3) 



which automatically satisfies the dominant energy condition. 

Throughout this paper it is assumed that the spacetime (M, gab) admits a (global) one-parameter 
group of isometries, x„, generated by a Killing vector field . It will be also required that Xu admits 
a Killing horizon. Recall that a null hypersurface A/" of M is a Killing horizon, with respect to Xm, 
whenever N is invariant under the action of x„, moreover, is null on N. We shall assume that 
R"" is future directed on N, moreover, for simplicity, N will be assumed to be connected. Following 
|50j . it will also be required that x« has no fixed point on A/", furthermore, N is smooth admitting 
a smooth global cross-section Z. This, in particular, means that the orbits of Xu are diffeomorphic 
to R, moreover, each orbit of Xu intersect Z precisely once, i.e., N necessarily possesses the product 
space structure E x Z. Finally, in order to restrict our attention to black hole type configurations, 
we shall assume that Z is an orientable n — 2-dimensional compact manifold with no boundary. 

Definition 2.1 Hereafter, the spacetimes satisfying all the above generic conditions will he referred 
to as spacetimes of class A, while the special A- dimensional electrovac spacetimes will be referred to 
as spacetimes of class B if the electromagnetic field, Fab, is also invariant under the action of the 
one-parameter group of isometries, Xu- 

Clearly, each spacetime of class B also belongs to the set of spacetimes of class A. 



3 Gaussian null coordinates 

Consider now a smooth spacetime (M, gab) of class A and the 1-parameter family of smooth cross- 
sections Z„ — Xu [Z] of A/". Choose then to be the unique future directed null vector field on JV 
which is everywhere orthogonal to the 2-dimensional cross-sections Z„ and satisfies the normalising 
condition £°.^a = 1 everywhere on Af. Consider now the null geodesies starting at the points of 
A/" with tangent Since A/" was assumed to be smooth, as well as, the vector fields and £° 
on A/" by construction are also smooth, these geodesies do not intersect in a sufficiently small open 
neighbourhood O C M of Af. Such a neighbourhood O of Af will be referred to as elementary 
spacetime region". By choosing r to be the affine parameter along the null geodesies starting at the 
points of J\f with tangent £° and synchronised so that r — on Af we get a smooth real function 
r : O ^ R. The function u : Af ^ which is smooth by construction, can also be smoothly extended 
onto O by requiring its value to be constant along the null geodesies with tangent £" = [d/dr)"^ . 
Let us denote also by A'^ the associated "coordinate basis field", i.e., — [d/du)°' . 

Now, based on the smooth null hypersurface N, and the functions w, r : O — > R already defined 
on O, Gaussian null coordinates (u, r, , . . . , a;") can be defined on suitable subsets O of O, which 

comprise by themselves "elementary spacetime neighbourhoods" of certain subsections. A/, of Af as 
follows. Let us choose, first, Z to be a connected open subset of the cross-section Z on which local 
coordinates (x'^, . . . , x") can be defined. Choose, furthermore, Af be that subset of Af which is span 
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by the null generators of N through the points of Z. Extend, then, the functions x^, . . . , a;", first 
from Z onto A/", and, second, from N to O — consisting of exactly those points of O which can be 
achieved along the null geodesies starting on N with tangent Z'^ — so that their values are kept to be 
constant, first along the generators of A/", second along the null geodesies with tangent = {d/dr)"" . 

Since by construction the vector field = [d/dr)'^ is everywhere tangent to null geodesies we 
have that grr = throughout O. Moreover, we also have that the metric function^ gm, gr3, ■ ■ ■ , 5™ 
are independent of the r-coordinate, i.e. gm — 1, 5r3 — ■ . ■ — gm — throughout O. In addition, as 
a direct consequence of the above construction, guu and guA vanish on J\f. Hence, within O, there 
exist smooth functions / and Ha, with f\j;f = {dguu/dr) \r=o and HaIj^ — {dguA/dr) \r=o, so that 
the spacetime metric in O takes the form 

ds^ = r ■ fdu^ + 2drdu + 2r ■ /i^dwdx^ + gAsdx'^dx^, (3.1) 

where /, Ha and gAB are smooth functions of the coordinates r,x^, . . . in O such that gAB is a 
negative definite (n — 2) x (n — 2) matrix, and the uppercase Latin indices take the values 3, . . . , n. 

It is straightforward to see that, in the present case, the functions /, Ha and gAB depend only 
on the coordinates r, x"^, . . . , in C Notice first that since Xu maps the null hypersurface J\f into 
itself, geodesies into geodesies, and preserves affine parametrisation, in particular, it is mapping 
all the null geodesies starting at the points of Af with tangent which were used to set up our 
Gaussian null coordinate system, into geodesies belonging to the same family. Thereby, Xu maps 
the r = const, x^ = const coordinate lines, with tangent .ft" into themselves. Accordingly, u is an 
adapted Killing coordinate, i.e., all the smooth functions /, /iA and gAB appearing in (|3.ip have to 
be u- independent. 

Hereafter, we shall present our arguments only in domains where Gaussian null coordinates can be 
defined as above. It worth keeping in mind, however, that an elementary spacetime neighbourhood 
O can always be covered by sub-regions where Gaussian null coordinates can be defined. By patching 
these type of coordinate domains the "local" results derived in one of these coordinate domains can 
always be seen to be valid in the associated elementary spacetime region. 

4 The topology of the event horizon 

This section is to explore all those restrictions that follow from the field equations on the possible 
topological properties of smooth cross-sections of the event horizon of generic distorted stationary 
black hole spaeetimes. 

Let us start by recalling that in ease of asymptotically fiat four dimensional stationary black hole 
spaeetimes there is a fundamental result, due to also Hawking [29], asserting that, whenever the 
dominant energy condition is satisfied smooth cross-sections of the event horizon necessarily possesses 
the topology . This result of Hawking has been generalised to the case of asymptotically (locally) 
anti-de-Sitter spaeetimes (see, e.g., [23l[37] and also [HI [25] for higher dimensional generalisations). 
Recall that under the assumption of asymptotic fiatness and the dominant energy condition for 
matter fields (with zero cosmological constant) it was also proved by Gannon [26] that a smooth 
cross-section of the event horizon of a "strongly future asymptotically predictable" black hole must 
be either a 2-sphere or a torus. Our aim in this section is to carry out the analogous investigations 
whenever no restriction concerning the asymptotic behaviour of the black hole configurations is 
imposed. It will be shown that the topology of the event horizon of the generic "distorted" black 
holes is not as restricted as that of the aforementioned isolated black hole configurations. 

The following two lemmas are immediate consequences of the fact that A/" is a Killing horizon 
with respect to the Killing vector field A"' — (d/du)"", which also implies, in particular, that the null 



5 



geodesic generators of A/" are expansion and shear free. Notice that in this case the space of the 
KiUing orbits on N' may also be endowed with the natural Riemannian structure (Z, —gAs)- 

Lemma 4.1 Suppose that {M,gab) is a spacetime of class A. Then, the contraction Tab^'^^ is 
identically zero on Af. 

Proof Since is null on J\f it follows from the Einstein's equations l|2.ip that 

RabSi'^ii'' = SnTabSi'^S^'' (4.1) 

holds on J\f. This, along with the fact that Rab^""^ is identically zero on N (which can be verified 
by a direct calculation carried out in the above introduced Gaussian null coordinates and by making 
use of the u-independentness of the functions /, Ha and qab) justifies then the above claim. q 

Since the Killing vector field is normal to J\f and ^"^Ra = on A/" there must exist a functiorH 
Kq : a/" ^ K defined by the following equation 

iv''(il"j?e) = -'«oJ^°. (4.2) 

As an immediate consequence of l|4.2p we have that Ko is constant along the null geodesic generators 
of N . The following lemma justifies that under the assumption that the Einstein's equations are 
satisfied and the dominant energy condition for matter fields holds the value of Kq does not change 
from generator to generator. 

Lemma 4.2 Suppose that {M,gab) is a spacetime of class A. Then, the function Ko is constant 
throughout N , moreover, the vector T°-b^ points in the direction of R"" on N . 



Proof Let {0,gab\Q) be a neighbourhood of A/" C N, covered by Gaussian null coordinates 
{u,r,x^, . . . ,a;"). Since .S" is normal to the coordinate basis field [d/dx^^'^ on J\f it follows from 
the Einstein's equations l|2.ip that 



there. Moreover, since matter fields are assumed to satisfy the dominant energy condition the vector 
field T'^b^ has to be future directed timelike or null on N . On the other hand, as we have seen 
above Tab^'^''^ = on A/" which implies that T'^b^ must point in the direction of .ft*^. 

It follows then that Tab^"' {d/dx^) has to vanish on M. Hence, by making use of the u- 
independentness of the functions /, Ha and gAB we get, in the underlying Gaussian null coordinates, 
that (|4.3p simplifies to 

(^-^^ 

on N . In virtue of l|3.ip and l|4.2p we have that Ko ~ ^5/) which along with l|4.4p . implies then 
that Ho has to be constant throughout N . Obviously, the constant value of Ho has to be the same 
on overlapping Gaussian coordinate domains which justifies, finally, the above claim. q 

In consequence of l|4.2p we also have that .ft" = {d/duY satisfies 

R^Va^^ = Koi?'' (4.5) 



^This function, playing the role of surface gravity, is denoted by Ko not to be confused with the spin-coefRcient k 
of the Newman-Penrose formalism |47| which will be applied in our later discussions. 
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on N . Thereby, the null geodesic generators of A/" — which are complete with respect to the parameter 
u — are null geodesically complete if Kq = (in this case the horizon is called to be degenerate), 
whereas, if Kq happens to be nonzero the generators of N are geodesically complete only in one 
direction. In the later case both the event horizon M and the associated generic black hole spacetime 
are called to be non-degenerate. 

Motivated by the observation that the black hole region of a stationary isolated black hole 
is always bounded by a future event horizon, hereafter, we shall assume that A/" is a future event 
horizonll This implies, in particular, that in the non-degenerate case A/" is generated by null geodesies 
which are geodesically complete to the future but incomplete to the past, moreover, we also have 
that Ko = —\f\j\r is a positive real number. 

It is also important to note that Lemma [4!2l in particular, relation l|4.4p justifies that the "zeroth 
law" of black hole thermodynamics generalise straightforwardly to the distorted black hole spacetimes 
studied here. 

Proposition 4.1 Suppose that {M,gab) is a spacetime of class A. Then, on the smooth global cross- 
section Z of N the relation 



R t, < 



2A + Ko • g^^drgcD + ^/ifi/i^ 



(4.6) 



(n — 2) 

is satisfied, where R and denote the scalar curvature and the volume element associated with 
the negative definite n — 2-metric qab on Z . 

Proof We shall prove this statement by making use of the "ur" component of the Einstein tensor in 
the applied Gaussian null coordinate system {u,r,x^ , . . . , x") . It can be verified by direct calculations 
that on N the relation 



Gur = ~^\^A h^'+H ' +i-.g^^dr9CD~^hEh^j (4.7) 

holds, where denotes the covariant derivative associated with the negative definite n— 2-metric 

gAB, moreover, in all the applied raising of indices this metric has been used. 

Recall, then, that A"" is null and future directed on N. Hence, in virtue of the dominant energy 
condition along with the conclusion of Lemma [T2l we have that T°-b^ is future directed and parallel 
to R"', i.e., there exists a non-negative function : A/" ^ M so that 

T^J?'' = ifR". (4.8) 

By contracting this relation with £a, and taking into account that gur — ■C"-^a = 1, we get 

Tur = Tab^'^S.'' = > 0. (4.9) 

This later relation, along with l|4.7p and the Einstein's equations (|2.ip . impHes then that 

Gur + hur - -\ hT^'h^ + i?'""' + I • g'^'^drgcD " \hEhA + A > 0. (4.10) 



Since Z has been assumed to be an orientable compact manifold with no boundary relation l|4.6p 
immediately follows then. q 



^We would like to emphasise that analogous arguments — leading to the same conclusions as derived below — apply 
whenever is assumed to be a past event horizon. 
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f'drgcD- (4.11) 



There are important consequences of the above result restricting the topological character of the 
cross-sections of the event horizon of "distorted" black holes. To see this we need to investigate first 
the contribution of the integral '^o • g^^drgcD^z to the r.h.s.oi l|4.6p . In doing so notice first 
that the term g^^drgcD can be related to the null expansion 6(s.) — ^°'^a of the null geodesic 
congruence with tangent field Z'' as 

Second, it follows from (|4.2p that if the event horizon N is non-degenerate the norm of the Killing 
field change sign on N . Thereby, in the non-degenerate case, .S" has to be timelike on the side of 
A/", (at least) in a sufficiently small open neighbourhood of A/", which — in consequence of the fact 
that N was chosen to be a future event horizon — has to belong to the chronological past /~ [N] of 
N m O. We shall refer to the corresponding part of O as the domain of outer communication with 
respect to N , and the associated region will be denoted by Vj^, if 



<0. (4.12) 



Notice that this definition of the domain of outer communication is compatible with the following 
intuitive picture. Consider the null hypersurface N"^ , intersecting N transversely at Z, which is 
generated by null geodesies starting at the points of the cross-section Z with tangent Since N"^ 
is smooth in O it can be smoothly foliated there by (n — 2)-dimensional surfaces, Z^, defined as 
the r = const cross-sections oi . Then, if the "area" A{Zr) = e^^ of these cross-sections is 
non-decreasing towards the domain where A"' is timelike we consider the associated domain as being 
"outer" with respect to Af. To see that, in fact, this simple geometric idea was applied in the above 
definition recall that 

moreover, that £° is future directed on J\f. 

Hereafter we shall assume that J\f is either degenerate or it is non-degenerate but lies on the 
boundary of the domain of outer communication, 'D_\f. In the latter case, the cross-section Z may 
also be called to be convex on the averagd^ from the direction of Vj^. Notice that even in this 
case Z need not to be everywhere convex, i.e., there may be subsets of Z so that on these subsets 
the null geodesies intersecting Z transversely are locally converging towards the direction of V^^. 
Nevertheless, the most important consequence of all above is that whenever N is either degenerate, 
with Ko — 0, or it is non-degenerate, with Ko > 0, but Af lies on the boundary of the domain of 
outer communication the integral J^- Ko ■ g'^^drgcD^z on the r.h.s.oi l|4.6p has to be smaller than 
or equal to zero. 

Taking, then, into account that gAB is negative definite and summarising what we have justified 
above the following result — which is in accordance with the findings of Galloway and Schoen |24[ [25] 
in case of stationary black hole spacetimes with everywhere convex horizons — can be seen to hold 
which also provides generalisations of some of the results of [32] for the higher dimensional case. 

Corollary 4.1 Suppose that {M,gab) is a spacetime of class A. Assume, furthermore, that Af is 
either degenerate or it is non-degenerate but lies on the boundary of the domain of outer communi- 
cation Vj^ . Then, for any smooth global cross-section Z of Af we have that 

i?*""''e^ < 2k-A{Z). (4.14) 

In the particular case of a 4-dimensional spacetime the relation JCg = —\R^ ' of the Gaussian and 
scalar curvatures of a 2-dimensional global cross-section Z, along with the Gauss-Bonnet theorem. 
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implies that 



27rx^ = 47r(l - g^) = f ICge^ = -i 




(4.15) 



Jz 



where Xz denote the Euler characteristic and the "genus" of Z, respectively. Thereby, as an 

immediate consequence of Cor. 14.11 we also have. 

Corollary 4.2 Suppose that {M, gat) is a A- dimensional spacetime of class A. Assume, furthermore, 
that N is either degenerate or it is non- degenerate hut lies on the boundary of the domain of outer 
communication Vj^. Then, whenever the cosmological constant (in our signature) is non-positive, 
A < 0, any smooth global cross-section Z of N must possess the topology of either a sphere or a 
torus, while Z may be a compact orientable 2-surface of genus g^ > 1 whenever A > 0. 

We would like to emphasise that in case of degenerate horizons (with Kq = 0) the conclusions of 
the above corollaries remain valid regardless whether N lies on the boundary of a domain of outer 
communication or not. 

Let us finally consider a spacetime of class A with non-positive cosmological constant, A < 0, 
and assume that it possesses a horizon with a cross-section Z so that = 0- Notice that 

then besides the conclusion of Cor. 14.11 it also follows immediately from l|4.6p and l|4.14p that A has 
to be zero, moreover, either Kq or "^^11 as. He have to vanish identically on N. This, in 

the particular case of a 4-dimensional spacetime, implies that if the cosmological constant is strictly 
negative, then any smooth global cross-section Z oi M must possess the topology of a 2-sphere. 

5 Distorted black hole spacetimes of class B 

As we have seen above the null geodesic generators of the future event horizon of a (non-degenerate) 
distorted black hole spacetime are geodesically incomplete to the past. Appealing then to the results 
of [501, (51] (see also [191 E^) it can be shown that to any (non-degenerate) black hole spacetime 
(M, gab) of class A the open neighbourhood O of the (future) event horizon, A/", can always be 
chosen to be sufficiently small so that the subspacetime {0,gah\o)^ considered now as a spacetime 
on its own right, can be extended. In particular, the existence of a smooth extension (P* ^g*^^) of 
(C, ffablo) can be shown so that (O*, g*^) possesses a bifurcate null surface, Ji* — i.e., Ji* is the union 
of two null hypersurfaces, Hi and H2, which intersect on an n — 2-dimensional spacelike surface, 
Z — such that M corresponds to the portion of Jix that Hes to the causal future of Z. 

Furthermore, in the particular case of a (non-degenerate) black hole spacetime (M, gah) of class 
B, i.e., in case of a 4-dimensional electrovac black hole spacetime it can also be guaranteed that 
the extended spacetime (O*, g*^) possesses a "wedge refiection" symmetry, moreover, the vector field 
^ and the electromagnetic field Fab extend from O to fields and i^*^ on O* so that the Lie 
derivatives and vanish identically on O* [M] (see also [52l [H3l [53] ). 

Due to the extension process it can easily be seen that the null generators of both of the null 
hypersurfaces. Til and 7^2, comprising the bifurcate type event horizon 7i* , are geodesically complete, 
i.e., they extend arbitrary large values of their affine parameters. Starting now, for instance, by the 
null geodesically complete hypersurface Jix one may repeat the construction yielding an elementary 
spacetime neighbourhood and associated Gaussian null coordinate systems. It is straightforward 
to verify — by recaUing the details of the extension process (see [Ml iMj) — that the entire of O* 
immediately gives rise to an elementary spacetime neighbourhood of Tii. 

In the rest of this paper we have restrict our considerations to "distorted" electrovac black hole 
spacetimes of class B. Since hereafter we shall frequently refer to results of [31] and [16] both of 
which works refer to the Gaussian null coordinates (u, r, x'^, x^) in a slightly different context than 
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we have done in the previous part of this paper before proceeding we shall make the following 
simple changes in our notations. Hereafter the formerly defined Gaussian null coordinates will be 
"hatted". In particular, the Killing parameter associated with the horizon Killing vector field will 
be denoted by u. Similarly, the affine parameter along the null geodesies starting at the points of 
A/" with tangent £° and synchronised so that it vanishes on A/" will be denoted as f. Adopting this 
notation a synchronised affine parametrisation of the null geodesic generators of A/" = J~^[Z] n Hi 
can then be given as 

u = e'=°". (5.1) 

The associated parallelly propagated tangent vector field fc" — {d/du)"' on A/" can be related to R"" 
as 

= Ae-'"°"J?" = —A". (5.2) 

According to this choice the affine parameter u takes positive values, u > on A/", while the associated 
Killing parameter u runs from — oo to oo. Nevertheless, u can be extended immediately onto Hi 
so that it will be an affine parameter everywhere along the null geodesic generators of Hi and also 
which has been synchronised so that u = corresponds to Z. 

By repeating the basic points of the construction applied in Section[3l based on the 1-parameter 
family of smooth cross-sections Z„ = {p g Hi\u{p) = u & R} of Hi the base manifold O* can be 
seen to be an elementary spacetime region. Moreover, Gaussian null coordinates, (u,r, , x"^) , can 
be introduced on suitable subsets, O, of O* . The most significant differences are the following. First, 
the components of the metric, the smooth functions /, Ha and gAB, appearing in the fine element 
(|3.ip will not be independent of the u-coordinate as for the coordinate basis field = {d/du)"" need 
not to be a Killing vector field. Second, while O* can be covered by the Gaussian null coordinate 
patches, {O}, the formerly defined Gaussian null coordinates (w, f, 5;'^, 5;^) , based on the use of the 
horizon Killing vector field R"" — {d/du)"', can be defined only on the part, 0+, of each O with 
M > 0. 

It can be checked then that the coordinates " r " and " f ", which are affine parameters along the 
null geodesies with tangents and in 0+, respectively, can — in virtue of the relations 1°^ — g°'''S/bU 
and £° = g°'^\/bU — be related as 

f = Kour. (5.3) 



5.1 The Newman-Penrose formalism 

In deriving the main results of the rest of this paper we are going to apply a combination of the 
Newman-Penrose formalism [Uj and the null characteristic initial value formulation of Einstein's 
theory of gravity, as it was worked out in details by Friedrich (see also [l7l [18] for related 
investigations) . Thereby, it seems to be useful to recall the relation between the geometrical setting 
associated with the above introduced Gaussian null coordinates and the fundamental layout of the 
Newman-Penrose formafism [37] and that of [16] which is done in this subsection. 

The contravariant form of the spacetime metric, given in the form of p.ip in a Gaussian null 
coordinate system (u, r, a;"^, a;^) covering the part O of an elementary spacetime region O, can be 
given as 

/ 1 \ 

g"f^ = \ 1 g"-"- g'-B . (5.4) 
V g^^ g^^ ) 

Choosing now, as it was done in [47], real- valued functions U, and complex- valued functions lo, 
f ^ on O such that 

g^^ = 2{U-ojuj), g^^^X^-iuj^+u^-e), = -($ V + e-^e""), (5.5) 
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and setting 

F = 5^'r, n^' = 5^'u + U5^'r + X^5^'A, m'' = u5^'r + a. (5.6) 

we obtain a complex null tetrad j^", n'', m°, m°} in O. We require that U, X^, and lo vanish on 
Til which guaranties that n° is tangent to the generators of Tii, n° = fc" there, moreover, m° 
and m° are everywhere tangent to the cross-sections Z„ of Tii. In the following we shall consider 
the derivatives of functions^in the direction of the frame vectors defined above and denote the 
corresponding operators in O by 

D = a/9r, /:^ = d/du + U -d/dr + X^ -d/dx^, 5 = uj ■ d/dr + S,^ ■ d/dx^. (5.7) 

To simplify the Newman-Penrose equation a part of the remaining gauge freedom can be fixed, as 
it was already done in j47], by assuming that the tetrad {I", n", to", to"} is parallelly propagated 
along the null geodesies with tangent 1°" — {d/dr)"" in O. These assumptions guarantee that for the 
spin coefficients, corresponding to this specific choice of complex null tetrad, k ^ tt ~ e ^ 0, p — J), 
T = a + (3 hold everywhere in O. Moreover, since we have chosen n" so that n^Ve?^"_= along 
the generators of Tii the spin coefficient ly, by its definition, is guaranteed to vanish on Hi. Finally, 
since u is an affine parameter along the generators of Hi, e.g., in virtue of (4.14) of [52], we also 
have that X,+ 7 — thereon. In this case we can also apply a rotation of the form to" c^'^to", 
where (/) : Hi — > M is a suitably chosen real function, so that the spin coefficient 7 will, in turn, 
vanish everywhere on Hi. 



5.2 The null characteristic formulation 

We would like to emphasise that the gauge choices we have made so far are exactly the same as 
those were used in [I6|, hence, all of the results of Friedrich's formalism can be applied. Here we 
start by the investigation of the pure vacuum case with vanishing cosmological constant. Later, in 
Section[71 it will be shown how the techniques applied below extend to spacetimes with non-zero 
cosmological constant and with a source free electromagnetic field. 

Recall first that the pertinent Newman-Penrose equation^], (NP.6.10a)-(NP.6.10h), (NP.6.11a)- 
(NP.6.11r) and (NP.6.12a)-(NP.6.12h), taking them as first order partial differential equations, with 
respect to Gaussian null coordinates, {u, r, x^, x'^) in O, for the vector valued variable 

V = (e^, uj, X^, U;p,a, r, a, (3, 7, A, fi, v- ^-o, *i, ^-2, *3, *4) (5.8) 

are overdetermined simply because there are more equations than unknowns. Nevertheless, as it was 
proved by Friedrich [16] , by taking aside some of the Newman-Penrose equations and taking Hnear 
combinations some of them the following "reduced set of vacuum field equations'!! 

(FR.l) 

V)uj = puj + auj-T (FR.2) 

DX^ = re^ + re^ (FR.3) 
DC/ = TtU + Ttj - (7-1-7) (FR.4) 
Vip^p^ + aa (FR.5) 



■^To avoid the steady citation of this fundamental work of Newman and Penrose [47] throughout this paper the 
equations referred to as {NP.&.^a combination of a number & a lowercase letter') are always meant to be the original 
equations listed as (6. 'a combination of a number & a lowercase letter') in [47j . 

^To distinguish these equations from others applied in this paper, we shall label the n*'' reduced equation as 
"(FR.n)". 
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Dcr = 2/9 0- + (FR.6) 

DT = Tp + Tcr + *i (FR.7) 

Ba ^ pa + f3a (FR.8) 

D/3 = acr + p/3 + *i (FR.9) 

D7 = Ta + r/3 + ^'2 (FR.IO) 

r>X = pX + afi (FR.ll) 

D^ = p/i + o-A + ^'2 (FR.12) 

Dj^ = t^ + tA + «'3 (FR.13) 

A^-o-fS*! = (47 - /i) - 2 (2t + /?)*!+ 3(7*2 (FR.14) 

A^-i + D^'i - (5*2 - J'J'o = - 4a) *o - 2(Ai - 7 - 2p) - 3t^'2 + 2cr*3 (FR.15) 

A*2 + D*2 - (5*3 - = -A*o - 2 (q; - I/) *i + 3(/9- Ai)*2 - 2 (r - /3) *3 + cr*4 (FR.16) 

A *3 + D *3 - (5 *4 - ? *2 = -2 A *i + 3 *2 + 2 (p - 7 - 2 ^) *3 + (4 /3 - r) *4 (FR.17) 

D*4 - J*3 = -3 A*2 + 2a*3 + p*4 (FR.18) 



can be derived. These equations, besides constituting a determined system for the vector variable, 
V, are as good as the complete set of the Newman-Penrose equations. More precisely, what was 
proved by Friedrich (see Theorem 1. of [H]) can be rephrased as. 

Theorem 5.1 Denote by Vq an initial data set, satisfying the "inner" Newman-Penrose equations 
on the initial data surface comprised by the pair of intersecting null hypersurfaces Hi and 7^2- If^ 
is the solution on the domain of dependence D\Hi U Ti^] to the reduced vacuum field equations with 
^IhiuH2 ~ ^^^'^ ^ solution to the full set of the Newman-Penrose equations. Moreover, 

the metric, the connection and the curvature tensor determined by V are so that the connection will 
be metric and torsion free, as well as, the curvature tensor which can be built from the Weyl spinor 
components is the curvature tensor associated with this torsion free connection. 

We would like to emphasise that the condition requiring the initial data Vq to satisfy the "inner" 
Newman-Penrose equations on Hi UH2 is not as restrictive as it seems to be. Indeed, if we are given 
a pair of smooth null hypersurfaces Hi and H2 intersecting on a 2-dimensianal spacelike surface Z, 
some of the Newman-Penrose equations will be "interior equations" on Z, Hi and H2, respectively. 
Therefore, as it was shown by Friedrich, see the argument related to Lemma l.in we may 
start with a "reduced initial data set", Vq'^'', which consists of the specification of the Weyl spinor 
components *4 on Hi and *o on H2, moreover, it includes the specification of the spin-coefficients 
p,(j,T, pL,\, along with a vector field such that g^^ — —[£,^5, + £, C^) is a negative definite 
metric, on Z. It is argued then that the "inner equations on Z" can be solved algebraically for the 
rest of the variables listed in V. Moreover, once the components of V are known on Z the desired 
initial data Vq can be determined on Hi and H2 by integrating a sequence of ordinary differential 
equations — these are the corresponding inner equations — along the null geodesic generators a Hi 
and H2, respectively. Notice that this Vq, by construction, satisfies all the inner equations as it was 
assumed in Theorem l5.ll above. The way Vo is determined — in the particular case of a bifurcate 
Killing horizon, H* — Hi U H2 — will be illustrated in Subsection l5.4l What will be important for us 
in our later investigations is the following result of Friedrich [16] . 

Lemma 5.1 Assume that V is a solution to the Newman-Penrose equations. Denote by Vq the 
restriction o/V onto Hi UH2, moreover, byY'^'^'^ the corresponding reduced initial data as specified 
above. Then V^'^'^, along with the Newman-Penrose equations, determines uniquely the initial data 
set Yo on HiUH2. 
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In addition to the fact that the above reduced vacuum field equations, (FR.1)-(FR.18), comprise 
a determined system, it can also be verified that, when written out in Gaussian null coordinates 
{u,r,x^,x'^) in O, they possess the form 

A'^ • a^V + B = 0, (5.9) 

where the matrices and B smoothly depend on V, along with its complex conjugate V. Moreover, 
it can also be seen that the matrices A'^ are Hermitian, i.e., A'^-'" = and the combination 
A^(n^ + l^) is positive definite at least in a sufficiently small neighbourhood of Hi. 

The vaHdity of the latter assertions can be justified by direct inspection of equations (FR.l)- 
(FR.18). Notice first that the coefficient matrices of the derivative operators D, A, S, S have the form 
of 18 X 18 matrices given as 
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(5.10) 



(5.11) 



where 1 stands for the 13 x 13 identity matrix while always denotes suitable type of matrices with 
identically zero elements. Taking then into account the decomposition 

^<5 



D 



A + A" • (5 - 



(5.12) 



along with the relations l|5.7p . expressing the derivative operators D, A, (5, (5 in terms of the partial 
derivatives with respect to the Gaussian null coordinates (m, r, x'^, a;*) in O, we get that 



= A" + [/ • A"^ + • . 



v5 , -T 



It is straightforward to see then, in virtue of the explicit forms of the matrices A°, 
given by (|5.10p and l|5.1ip . that A", A'' and A^ are Hermitian, i.e., 

A^'^ = A'^ . 



(5.13) 
(5.14) 
(5.15) 

, A'' and A^ 

(5.16) 

Similarly, the combination A''(np + Z^) can be seen to be positive definite (at least) in a sufficiently 
small open neighbourhood of Hi since 

A^(n^ + = (A" + A'')|.^^ =A°+A^ (5.17) 

thereby its determinant, det (A^(n^ + l^)), takes the value 8 on Hi. 

As a direct conclusion of all above, the system comprised by (FR.1)-(FR.18) is a quasilinear 
symmetric hyperboHc system for which the existence and uniqueness of solutions is guaranteed 
which, in turn, justifies then the following theorem (see Theorem 2. of |l6j1. 

Theorem 5.2 In the characteristic initial value problem to any 'reduced initial data set' there always 
exists a unique solution to the vacuum Einstein's equations. 
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5.3 Further geometrical properties 

In returning to our basic problem notice first that the distorted black hole spacetimes under con- 
siderations are definitely not the most generic configurations to which the above recalled results are 
known to apply. Thereby, even a "reduced initial data set" should further simplify. To see that this 
really happens let us recall first that since the event horizon was supposed to be a Killing horizon the 
bifurcate horizon Ti* is necessarily expansion and shear free. This, in virtue of some of the results 
of [52] (see Remarks 3.1 and 6.1 of that reference), implies that in a distorted black hole spacetime 
with matter satisfying the dominant energy condition, the spin coefficients A and ^ vanish on Tii, 
while a and p were shown to be identically zero on H2. It also follows that the horizon^Killing vector 
field .^*° is a repeated principal null vector of the Weyl and Ricci tensors on H* =HiLiTi.2- More 
precisely, it was shown in [52] that the Ricci spinor components $22 and $21, as well as, the Weyl 
spinor components ^3 and ^"4 vanish on Hi. Similarly, $00 and $01, as well as, ^'o and ^^i, vanish 
on H2. 

In addition to the gauge choices that have already been made, as a consequence of the fact that 
R"" is the horizon Killing vector field, we also have. 

Lemma 5.2 The spin coefficient t vanishes on Hi- 

Proof It follows from the definition r, along with the facts that la — VqM and I'^na = 1 in O, that 

T = if-m'Vah = n^m^Vbla = -l^m'^Vbria (5.18) 

everywhere in O. Since to" is tangential to A/", to^I^^ — S^^d^A, in evaluating the term m''Wbna 
on Af the way n'^ extends from Af onto 0+ = {p £ 0\u > 0} does not matter. Thereby, in 
calculating mf'Vbna on M the substitution = l/{nou) ■ M"-, see l|5.2p . can be applied. Taking into 
account, then, that £mU = £iu = everywhere in O, moreover, that ^ is a Killing vector field, i.e. 
Vfci^Q -Vai^b in 0+, it follows from ([SAS]) that 

T = ^—r-m^\Ib^a = — ^TO^Vai^b = V'm^XIanb (5.19) 

on A/". This relation, ^along with the fact that is parallel with respect to justifies then that 
T has to vanish on M. Due to the 'wedge refiection' symmetry of the extension {0*,g*^) t also 
vanishes on Hi \ Z and, in turn, by continuity, on the entire of Hi. □ 

Notice that the above lemma does not claim that the spin coefficient r should have to vanish for 
all the possible choices of a complex null tetrad. It does merely guarantee the vanishing of r on Hi 
for those tetrads which are compatible with the gauge choices have been made above. 

The following lemma provides a simple geometric characterisation of the (future) event horizon 
Af in terms of the spin coefficient p. 

Lemma 5.3 The i-parameter family of null geodesies with tangent I"' is non- contracting on the 
(future) event horizon Af in the direction of the domain of outer communication, Vj^ , if and only if 
p>OatAf. 

Proof Start by recalling that the spin-coefficient p is defined as p = m'^rn^V ah which, along with 
the relations Va4 — ^bh, g'^^ = l"'k^ + k°'l'' — rn°'rn'' — rn'^m'' and that all the tetrad vectors are 
parallelly propagated with respect to ^° as well as that P is null everywhere, gives that 

p = m'^ln'Vak = -^S^'VaZb = = ^^(-o^ (5-20) 
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where 6'(;) denotes the expansion of the null congruence with respect to Z". Thus, the expansion 
of the null geodesies geodesies pointing towards Vj^ on the (future) event horizon A/", with tangent 
vector — is non-negative if and only if p > 0. r-i 



5.4 The determination of a full initial data set 

In virtue of Lemma lSTD and Theorem IS . 2l from a reduced initial data set the full information associated 
with a solution of the vacuum Einstein's equations can be recovered in the domain of dependence of 
the initial data surface. Moreover, a reduced initial data set, Vfj'^'', is given as 

= {p. ^, A*, A, T ; U {v|/4}|^^ U {vfoll^^ (5.21) 

Accordingly, in case of a considered distorted black hole spacetime, we need to specify the spin- 
coefHcients p,a,ii,X,T and the vector field on Z, moreover, Weyl spinor components \E'4 on Hi 
and 5*0 on 7^2- 

In virtue of the observations made in the previous subsection, the reduced initial data set sim- 
plifies considerably in case of our configurations since the initial data surface is comprised by two 
expansion and shear free null geodesic congruences. This, along with lemma lS^j implies that the 
only non-trivial quantity which can "yet" be freely specified as our initial data on Hi U H2 is nothing 
but the vector field on Z. 

To illustrate the way a full initial data set is produced from a reduced one, moreover, to appreciate 
the robustness of the setup of [171 [16] we shall carry out the determination of a full initial data set 
Vo, on Hi U H2, from the significantly simplified one 

VS^' -{p = a = M = A- 0; ^^}\^U {^>, = T = iy^j^ 0}|^^ U {*o - 0}|^^, (5.22) 

which is compatible with all of our former observations concerning the geometrical properties of 
a bifurcate Killing horizon of a stationary distorted black hole, as well as, with all of the gauge 
conditions we have made. 

Let us start by considering the "inner equations" we have on Z. Notice first that (NP.6.11k) 
and (NP.6.11m) immediately implies that both and ^3 vanishes on Z. Furthermore, (NP.6.10f), 
along with our gauge conditions t ~a. + [3 m O and, in particular, t = Q onHi, gives that 

5t -~5e^'i(fi^^~pt)- (5.23) 

This equation can be solved algebraically for (3 and /3 — —a on Z. By applying then (NP.6.111) we 
immediately get 

- ,5^-^/3 = 4/?^- ^-2. (5.24) 

which fixes the value of 5*2 on Z. Notice that the last relation also imply that 4*2 is necessarily real 
on Z. 

Consider now the inner equations on H2- First of all, since = there (NP.6.12a), along with 
the fact that ^ij^ = 0, implies that = on H2- Similarly, since pj^ = and crl^ = 0, (NP.6.11a) 
and (NP.G.llb) imply that p = and cr = on H2- The vanishing of p, a and ^'i on H2 can then 
be used, along with (NP.611c-d-e), to conclude that 

Da = D/3 = Dr = (5.25) 
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on H2, which along with the vanishing of r on Z does imply that t = on H2. Similarly, (NP.6.12b) 
gives then 

D^-a = (5.26) 

on H2- In virtue of (NP.6.11g) and (NP.6.11i) we also have then that A = on 7t!2 since A vanishes 
on Z. Two other spin coefficients, 7 and /i, can be determined with the help of (NP.6.11f) and 
(NP.6.11h) which, along with (|5.26p and their vanishing on Z, give that 7 = r • ^'2 and ^ = r • vj/j 
on 7^2 • 

By completely analogous reasoning the inner equations on Hi, along with the vanishing of 1^,7 
and r there, which follow from our gauge choice, can be used to justify the followings. First, since 
*4 = there (NP.6.12h), along with the fact that ^al^ = 0, impHes that ^'3 = on Hi. Similarly, 
since fi\^ = and Aj^ = 0, (NP.6.11n) and (NP.6.11j) imply that ^ = and A = on Hi. The 
vanishing of fj,, A and ^'3 on Hi can be used, along with (NP.611r-o-p), to conclude that 

Aa = A/3 = Act = (5.27) 

on Hi- This latter relation, along with the vanishing of a on Z, implies that ct = on T^i. Similarly, 
(NP.6.12g) gives then 

A*2 = (5.28) 

on Hi. The only remaining non-trivial spin coefHcient is p which is determined with the help of 
(NP.6.11q), along with (|5.28p and its vanishing on Z, as p = —u ■ ^2 on Hi- 

To have a full initial data set Vq on HiLiH2, in addition to what we have already derived above, 
we also need to determine the behaving all of the Weyl spinor components on Hi U H2, as well as, 
the value of i' on H2- For instance, from (NP.6.12f) we get that A^'i — 5'i'2 = on Hi, which, in 
virtue of ^'ij^ = and the u-independentness of ^'2 implies that 

'J'i = M-(5*2 (5.29) 

on Hi. By an analogous argument, we also get, from (NP.6.12e) and from what we have just 
established, that 

5-0 = ^^2^^ _ 2/3 • 5*2) (5.30) 

holds on Hi- 

Completely parallel to the reasoning applied in the previous paragraph we can also show, by 
making use of (NP.6.12c) and (NP.6.12d), that 

*3 = r-^*2 (5.31) 

and 

5-4 = ir^ (f^2 + 2a • ^^'2) (5.32) 



2 

hold on H2. Finally, by making use of (NP.6.11i) and l|5.3ip the value of can be determined on 
H2 as 

z/=ir2.J*2. (5.33) 

It is also informative to collect what we have already established on Hi U H2 (see Table[l|) . In 
order to simplify some of the involved expressions the "erfi/i"-operator, 9, of Newman and Penrose 
|48j has been applied. For instance, since 5*2 is a {0, 0}-type scalar 5^2 can also be written as 

(5*2 = 3*2 • (5.34) 
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Noticing also that the {p, q}-type of 5*2 is {1, —1} — which is in accordance with the fact that (5*2 
possesses ^^spin-weight" s — ^{p — g) = 1 and ^^boost-weight" b = i(p + q) = — we get, in virtue of 
(2.14) of ^27j and by the relation r = S + /? = which holds on Z, that 

(52*2 - 2/? • (5*2 = 9^*2- (5.35) 

Applying then l|5.34p and l|5.35p . along with their complex conjugates, the full initial data set can 
be given as in TablelH 



1—/ 

Hi 




1—/ 

Vt2 


p = -U • *2 


p = 


p = 


/i = 


/i = 


Ai = r • *2 


(T = A = T = 


a = X = T = Q 


cr = A = T = 


Aa = A/5 = 


a,P: r = a + /3 = 


DcK = D/? = 


A*2 = 


& a,/?^ *2 


D*2 = 


*o = • 92*2 


*o = 


*o = 


*1 = U • 9*2 


*i = 


*i = 


*3 = 


*3 = 


*3 = r • 9*2 


*4 = 


*4 = 


*4 = .92*2 


(gauge) 1/ = 7 = ^ 


= 7 = 


= ir^ • 9*2, 7 = r • *2 



Table 1: The full initial data set Vo, on the intersecting null hypersurfaces Tii U H2. 



5.5 The behaviour of the curvature along the generators of Af 

This short subsection is to show that, in general, ^' parallelly propagated" curvature singularities may 
occur along the generators of H* . To get some hints about this point it is rewarding to inspect 
Table[T] for a short while. What might not be too striking for the first glance is the u-dependence 
of the Weyl spinor components *o and *i along the null geodesic generators of Hi, and similarly, 
the r-dependence of *3 and *4 along the null geodesic generators of H2- Obviously, alljjf these 
quantities vanish at the bifurcation surface but when we approach the asymptotic ends of Hi or H2 
they blow up. 

Clearly, such a blow up of the Weyl spinor components does not occur if (5*2 = 9*2 = on 
Z but this condition seems to be very restrictive. It is not hard to justify that it is equivalent to 
requiring Z to be a metric sphere, and this condition in the pure vacuum case, considered in this 
section, is satisfied only by the Schwarzschild solution. Therefore the following question immediately 
emerge. Is it true that all the other black hole spacetimes, including the Kerr solution, possess the 
indicated type of curvature blow up? It is also important to know whether we do really have a 
blow up of certain measurable quantities or what is indicated above is simply the consequence of 
an inappropriate choice of a frame field along the null geodesic generators of the bifurcate event 
horizon. In this respect it is informative to have the following. 

Proposition 5.1 The blow up of the Weyl spinor component *i along the generators of Hi is 
always associated with true "parallelly propagated " curvature singularity. 
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Proof The validity of the above assertion can be justified by the inspection of components of the 
Weyl tensor, with respect to basis fields parallelly propagated along the generators of Tii. First we 
shall show that unit norm real vector fields X^j^^, A = 3,4, can be chosen so that {l°',n°', X^^^^} will 
serve as a suitable pseudo-orthonormal parallelly propagated basis fields along the generators. 

To see this notice first that n°- is parallelly propagated with respect to itself on Hi- Next it will 
be verified that J" is also parallelly propagated with respect to n°- on Hi- In doing so notice that 
n'^VJ'^ = on Til if all the contractions narfVel"'^ la'n'^^el'^ and ma'n'^V el'^ vanish there. The first 
contraction vanishes since UaTi'^Vel'^ — —la'n'^'^en"' and n° is parallelly propagated with respect to 
itself on Hi. The second contraction is zero because is null everywhere. Finally, the vanishing of 
the third contraction on Hi is guaranteed by LemmaHHl 

To get the desired basis field {1°', n", X^^) } the spaceHke unit vector fields Xj'^, , A — 3,4, are also 
needed to be specified. In this respect it is important to note that by choosing the smooth functions 
6(A) : hi ^ R along any generator hi of Hi suitably the desired unit norm real spacelike vector 
fields X^^y can be given as the linear combinations X^j^^ = cos 8(a) • x"" + sin 8(a) • of the unit 
spaceHke vectors x° = "^f^"^" + and y"' — ~m°-)- Then by making use of the definition 

*i = -Cabcdl^nH'^m'' , (5.36) 

where Cabcd denotes the Weyl tensor, it is straightforward to verify that 

Cabcdl^nH^Xfo) = -V2- [cos 8(c) • fRe(*i) - sin 8(d) • 3m(4'i)] (5.37) 

Notice also that in our case, since and X^^j are spacelike members of the pseudo-orthonormal 
tetrad n°, X^^^ } they should also be orthogonal to each other. Thereby, we may assume, without 
loss of generality, that 8(4) is chosen so that 8(4) = 8(3) + n/2 everywhere along the generator hi. 
Then, (|5.37p . along with this relation, can be used to justify 

{Cabcdrn'l'Xf.y + {Cabcdrn''l^Xf,,Y = 2 [i9\c{^i)f + (3m(vl/i))2] , (5.38) 

which immediately implies that whenever the Weyl spinor component ^'i blows up along hi while 
u ^ oo then either of the contractions Cabcdl°"n^l'^XfA) , ^ = 3,4, must also blow up there. q 

We would like to recall that the possible appearance of "parallelly propagated" curvature sin- 
gularities in black hole spacetimes the event horizon of which is also Killing horizon was already 
mentioned in [52] (see Remark 6.2 there for more details). Notice also that the existence of the 
indicated p.p. curvature singularity is not associated with the incompleteness of the null geodesic 
generators of the bifurcate horizon. It is also interesting that there is a difference between the pos- 
sible strengths of the associated curvature blows up. While ^'i and ^3 might blow up only linearly 
when a blow up occurs in case of ^'o and ^4 that has to be quadratic with respect to the associated 
synchronised affine parameters. 

Finally, we would like to emphasise that the above discussed p.p. curvature singularities are not 
strong enough to be scalar curvature singularity", i.e., neither of the scalar invariants of the Weyl 
tensor blows up along the generators of the event horizon. Thereby, the existence of these p.p. 
curvature singularities does merely indicate that in general certain tidal-force effects increase "in 
time", along the black hole event horizon. 



6 The local existence and uniqueness results 

As a direct consequence of the preceding subsections, Subsections l5. 21 - 1574} we immediately have that 
in the domain of dependence of the initial data surface Hi U H2 — which is limited to a part of the 
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"black" and "white" hole regions in O* , i.e. to a part of the causal future, J^[2] n O* , and past, 
J~ [Z] no* , oi Z, respectively — the solution to the reduced vacuum equations is uniquely determined 
once the vector field S,^, or equivalently the 2-metric g"^^ , is specified on Z. Accordingly, we have 
then the following. 

Theorem 6.1 Consider a vacuum spacetime {M,gab) of type B and with a non-degenerate (future) 
event horizon J\f. Then the spacetime metric gab is uniquely determined in the black hole region once 
the 2-metric of the space of Killing orbits on N is fixed. 

This section is to identify those conditions that may guarantee that the geometry of the considered 
distorted "stationary" vacuum black hole spacetimes gets to be uniquely determined also on the 
domain of outer communication side. In doing so the fact that 

= KoUfc" lISl) 

is a horizon Killing vector field on {M,gab) will play an important role. 
To start off consider first the effect of the null rotation 

r = A-H", = An", = m", lll2) 

which leaves the directions of I" and n°- fixed and is, in fact, nothing but the boost transformation 
in the I — n plane with 

A = KoM lll3) 

on the part 0+ of O with u > 0. Then, the transformed spin-coefficients, the Weyl-spinor compo- 
nents and the derivatives can be related to the original ones as 

K = e = TT = p = A^^p a = a ^ = A-f - = ^"^*o 

a^A-^a 13 = (3 X ^ A\ #1=^-1*1 

f = T p.^ Afi ^2 = *2 Il6l4) 

i> = A^iy ^'3 = A^3 

I) = A-^I), A = AA, 6^S. ^5) 
By making use the coordinate transformation 

u ~ — Inu, 7" ~ Kour, x'^ — |[6l6) 

the coefficients of the coordinate components of the "hatted" tetrad fields 

can be seen to take the form 

Cj = Auj, i^ = S,^, X^^X^, U ^ A^U + K^rA. ^8) 

The covariance of the Newman-Penrose equations, i.e., the fact that they necessarily possess the same 
form in terms of the "hatted" variables as they had before, can be justified by a direct calculation 
simply by substituting all of these relations to the original Newman-Penrose equations. 
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In addition, it is also straightforward to see that the argument presented in Subsection l5.2l does 
apply to the "hatted" version of the reduced vacuum field equations, {FR.1)-(FR.18), i.e., these 
"hatted" equations do give rise to a determined system of the form 

A'^ • + B 0, dig) 

where the matrices A'' and B, besides depending smoothly on the vector valued variable 

V = (1^, Co, X^, U; p, a, f , a, (3, 7, A, A, *o, ^-i, *2, *3, ^'4) , ©10) 

along with its complex conjugate V, are so that for any value of jl the matrices A^ are Hermitian, 
i.e., A^"^ = A'^ and the combination A^(n^ + Z^) is positive definite (at least) in a sufficiently small 
neighbourhood of J\f in 0+ . Accordingly, I|6l9p can be seen to be a quasilinear symmetric hyperbolic 
system for the variable V. 

This property, along with the fact that .ft" = (d/du)"' is a Killing vector field on 0+ will play 
important role in the rest of this section. Recall that, in the vacuum case, the vanishing of the Lie 
derivative of the Weyl tensor, £^Cabcd, immediately follows from the fact that .ft" is a Killing vector 
field. This can be used in justifying the claim of the following. 

Lemma 6.1 Assume as above that 0+ is the part of O which can he covered by the Gaussian null 
coordinates {u,r,x^,x^). Then, 

in d+. 

Proof We have by the definition of ^0 that 

*o = -Cabcdtrh''l'=m'' ©12) 
which, along with the symmetries of Cabcd and the third relation in I|6l7p . gives that 

*o - -Cabcdi^'id.iBfHd^oYi^i''. (013) 

The statement of our lemma follows then from the facts that £siCabcd vanishes, moreover, that 
M. — du, l = df, and 9^4 are coordinate basis vector fields so they commute. □ 

Lemma 6.2 The derivatives £si£,^, £aP, £^0- and £ji'^Q vanish on 0+. 

Proof Notice first that,Jn virtue of Tableland by (HH), ^ p -*2/ko and = all 
are independent of u on A/" whence the deviates £si^^, £aP, £r^ vanish there. In addition, since 
^ — du and / = df commute we also have, in virtue of (NP.6.10a), (NP.6.11a) and (NP.6.11b), that 

D(£^^'^) = £sip-i^ + p-£d_^ + £sid-J''+&-£d^ ©14) 
t){£fip) = 2p ■ £fip + £fi(j ■ a + & ■ £jia ©15) 
D(£^a) = 2£fip-& + 2p- £si& + £f^^o- ©16) 

Notice also that, in virtue of Lemma lOl the system comprised by I|6ll4p . (|6ll5p and (|6ll6p . along 
with the complex conjugate of I|6ll4p and I|6ll6p . gives rise to be a homogeneous linear system for 
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the variables £sii^, £rP^ £si<y, -'-^^ , •f^o', along the null geodesic congruences with tangent /° in 
0+. This, along with the vanishing of the deviates £^tf' , £^9, £fi^ on A/", justifies then the major 
part of our claim. What remains to be shown is the vanishing of i^i^^'o in 0+ which follows then in 
virtue of PTT]) . □ 

The assertion of the following lemma can be justified by an argument that is completely analogous 
to the one applied above. First noticing that in virtue of Table[T] and (|6l4p the i^^^-derivatives of 
quantities in question vanish on M. Then, by applying the pertinent Newman-Penrose equations a 
homogeneous Hnear system can be derived, along the null geodesic congruences with tangent P, for 
the £j^-derivatives of the considered quantities which can, finally, be used to justify the vanishing 
of the relevant £ ^^-derivatives everywhere in 0+ . 

Lemma 6.3 The Lie derivatives £fiX^ , £^lj, £^61, £^f3, £j?7, £siX, £^9, £ji£', £ji^i, £^^2, 
£^4*3 and £^^4 vanish on 0+. 

As a conclusion of the above lemmas we have that whenever = {d/duY is a Killing vector 
field then all the metric functions, the spin-coefficients and the Weyl spinor components, appearing 
in the vector valued variable I|6ll0p have to be u- independent in 0+. As an immediate implication 
we have then that in 0+ the derivative operator A simplifies to 



A = [/ • D + x^a^. 



(017) 



Thereby, it seems to be plausible to consider — which will be done hereafter — equation I|6l9p as system 
of first order partial differential equations (PDEs) on null hypersurfaces intersecting N transversely. 
To make this to be more concrete, take any of the smooth cross-sections oiN . Define N'^ to be 
the null hypersurface spanned by the null geodesies with tangent l'^ = £° in 0+ and which intersect 
M at the points of Zu. Then, on the reduced equations I|6l9p can be given as 

018) 
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moreover, the determinant of A*" can also be seen to take the form 



det 



(U -CULU){1 + U) {U+lf-2LULU 



(021) 
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In proceeding, notice first that since the horizon is non-degenerate, Ko ^ 0, as well as, we have 
that D(?7 — cjlZ))!^ = Ko, the term U — Cjuj must change sign at Zu. Thereby the character of (|6ll8p 

could, in principle, be different on the two sides of the event horizon, N . For instance, U — ujuj can 
be seen to be positive on the black hole region side of N which, in accordance with Theorem l6.ll 
implies that the system (|6ll8p . as it stands, is already symmetric hyperbolic on A/"/, at least in a 
small neighbourhood of Z^, in J^[Z.u] \ Zu. On the other hand, by multiplying, e.g., the relevant 
form of (FR.4), i.e., the metric equation for f7, in I|6ll8p by —1, the yielded set of PDEs can be 
seen to possess the form of a first order symmetric hyperboHc system everywhere on the domain 
of outer communication side except on Zu. Nevertheless, in the smooth case the justification of 
the uniqueness of solutions to the associated Cauchy problem — which is desired to be done on the 
domain of outer communication side — will not be immediately obvious since the system (|6ll8p is 
irregular. More precisely, in verifying the uniqueness of the solutions to our specific Cauchy problem 
we need to find suitable results guaranteeing the existence and uniqueness of solutions to first order 
quasilinear systems with a 'singular' forcing term. Although very few generic results are known 
concerning this type PDEs the one we have is apparently very close to the form of Fuchsian-type 
equations which have been studied extensively in general relativity mainly under the leadership 
of Rendall (for related results see, e.g., [TS t [39 t ISS j 156)). It is worth, however, emphasising that 
neither of the available results seems to apply immediately to the particular form of the PDEs we 
have. Therefore, in the smooth case the problem remains to be open, nevertheless, what has been 
discussed above can be summarised as. 

Proposition 6.1 Consider a vacuum spacetime {M,gab) of type B and with a non-degenerate (fu- 
ture ) event horizon J\f. Then the spacetime metric gab is uniquely determined, in a neighbourhood of 
J\f — besides the black hole region also on the domain of outer communication side — by the 2-metric of 
the space of Killing orbits on Af , if the existence and uniqueness of solutions to the Cauchy problem 
relevant for can be guaranteed on A(J H Vj^/ . 

Clearly, the Cauchy problem for (|6ll8p cannot have unique solutions in the smooth case unless 
the uniqueness is guaranteed in the analytic setting. The rest of this subsection is to show that 
(|6ll8p possesses unique solutions in the analytic case. 

Start by inspecting I|6ll8p . It gets to be immediately transparent that the equation which can 
be deduced from (NP.6.12e) and which takes the form 

U ■ D*o + X^^diA^iQ - (5^1 = (47 - A)*o - 2(2f + + 36-*2 022) 

is at the centre of the problems. This equation is regular everywhere on A/"?^ except at the horizon, 
A/", where tj gets to be zero. Nevertheless, the various order of D-derivatives of ^'o, along with that 
of all the other components in Vj^can be determined, by an inductive algorithm, in terms of ^'2 and 
its various inner derivatives on Zu as follows. 

Recall first that, in virtue of Table[T]and (|6l4p . all the initial values of the components of V can be 
determined in terms of ^"2 and its various inner derivatives on Zu Notice ^Iso that the D-derivative 
of I|6l22p . in consequence of the vanishing of f7, X'^, DX'^, /i, f and ct on Z^j, reduces to 

DC/-D*o-D(Mi) = (4D7-D/i)-*o + (47-A)-D*o-2(2Df + D/3)#i-2/3-D^i+3Dct 023) 

on Zu. This relation, along with (NP.6.8), (NP.6.10d), (NP.6.11b), (NP.6.11c), (NP.6.11d) and 
(NP.6.11h), implies then that 

3ko • D*o = [Siji^i) - 2(3 ■ (Ml)] - p[S4>i - 2/3 • *i] + 6[#o«'2 - *?] 024) 
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also holds on Z^. This relation, in virtue of (NP.6.12a), Table[T]and I|6l4p . along with the application 
of the "edth"-operator several times, justifies finally that 



^^^^^ - i 



iggg^^-a - lo • (9^-2)^ - 25-2 • s^^'2 



(il25) 



By making use of the "hatted" form of the Newman-Penrose equations all the first order D-derivative 
of the other components of V can also be evaluated in terms of ^'2 and its various inner derivatives 
on Zu. 

We can, now, proceed inductively^to show that all the higher order D-derivatives of the compo- 
nents of V can also be evaluated at Zy, in terms of ^'2 and its suitable order of inner derivatives on 
Zi^ . Remember that these quantities are uniquely determined by the specification of the 2-metric 
of the bifurcation surface Z given in terms of £_^, i.e., by the only freely specifiable part of the re- 
duced initial data there. Suppose now, as our inductive assumption, that this can be done up to the 
{p — l)*''-order D-derivatives. To justify then the regular determinacy of the p'^'-order D-derivatives 
of all the variables in V except ^'o on Z^ — this subset will be denoted as D^V^^ — the {p— l)*''-order 
D-derivatives of "hatted" form of the pertinent Newman-Penrose equations can be used. The key 
point in our argument is that, whenever Ko 7^ 0, the p'^'-order D-derivative of I|6l22p can be used to 
determine D'''I'o I ^. 

3ko (dp*o) I^^ - .F (v, DV, . . . , DP-i V, D^'V^ J , (026) 

where is a sufficiently regular function of its indicated variables and, according to our inductive 
hypothesis, all the indicated lower order D-derivatives, D*V with 1 < q < p, can be evaluated in 
terms of ^'2 and its suitable order of inner derivatives on Z^. All the above partial results can then 
be summarised as. 



Theorem 6.2 Suppose that {M,gab) is a vacuum spacetime of type B so that the (future) event 
horizon is non-degenerate. Assume that the spacetime {M,gab) and the event horizon are both 
analytic. Then, the spacetime metric gat is uniquely determined in a neighbourhood of N on the 
domain of outer communication side once the 2-metric of the space of Killing orbits on J\f is fixed. 

Notice that, in virtue of I|6l24p and (|6l26p . the non- genericness oi Af is of critical importance in 
the above argument. 



7 The electrovac black hole spacetimes 

This section is to discuss some of the differences which show up in case of the electrovac black 
hole spacetimes with non-zero cosmological constant. We start by providing the explicit form of 
the "reduced field equations", which similarly to the vacuum case, consist of some of the Newman- 
Penrose and Maxwell equations or suitable linear combinations of pairs of the Newman-Penrose and 
Maxwell equations [17] . 

Recall, first, that electromagnetic field. Fab, can very effectively be represented in the Newman- 
Penrose formalism ^47j by making use of the contractions 

^0 = Fabl^m^ ^l) 
= ii^afc O'n' + m'^m'') {712) 
h = Fabm^n^ , (Ills) 
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while the energy momentum tensor, as given by l|2.3p . can be represented via the Ricci spinor compo- 
nents, $y , where the indices i,j take the values 0, 1, 2 — for their generic definitions see (NP.4.3b) — 
which for the considered electrovac case, (|2.3p . can be given as 

$,,=2 0,0^-. 1(34) 

By making use of these variables the reduced Einstein's equations, relevant for the electrovac case 
with cosmological constant, A — — 6A, read as 







(EM.l) 


T) uj — p uj ~\ 


- (T UJ — T 




(EM. 2) 








1 IZjlVl .0 1 


V>U = TUJ- 


f to; — (7+7) 




(EM.4) 


Bp = p^ + 


O-CT + $00 




(EM. 5) 


Do- = 2/9 0- 


+ *0 




(EM.6) 


D T = T p -\r 


TO- + *l + $01 




(EM. 7) 


Da ~ pa ^ 


- + $10 




(EM.8) 


D/3 = acr H 






(EM.9) 


D 7 — T a 4 


- r/3 + 'I'2 - A 4 


$11 


(EM.IO) 


DA = pA 4 


-ap + $20 




(EM.ll) 


D p = pp,-i 


- 0- A + $2 + 2 A 




(EM.12) 


D V = T p ^ 


- T A + fa + $21 




(EM.13) 


(5(1'i+$oi) -f 


- D $02 = (4 7 - 


p) ^o-2{2t + (3)^i + 3a^2 


(EM.14) 



A^-o 

-A $00 - 2 /? $01 + 2 (T $11 + p $02 
A (*i - $01) + D (^fi-^oi) - (5 ('I'2 + 2 A) + (5$oo -^'J'o +^*02 = (EM. 15) 

+ (z^ - 4 a) *o + 2 (7 + 2 p - ^) *i - 3 r ^'2 + 2 a *3 

+ (2 T - 77) $00 + 2 (71 - 7 - p) $01 - 2 fJ $10 + 2 T $11 + (3 a - $02 - 2 p $12 
A (*2 + 2 A) + D (*2 + 2 A) - 5 (*3 + *2i) - J (*! + $01) + A $00 + D $22 = (EM.16) 
- A ^0 + 2 (i^ - a) *i + 3 (p - /^) *2 - 2 a VI/3 + cr 

+ (2 7 + 2 7 - /I) $00-2 (a+T) $01 - 2 r $10 + 2 {p - p) $11 

-A$20 +CT$02 + 2/3<I>21 +P$22 
A(*3-*2l) +D('J'3-$2l) - 5*4 -^(1'2 +2 A) +(5 $20 +^$22 = (EM.17) 

-2 A + 3 i/ *2 - 2 (7 + 2 p - p) 1'3 + (4 /3 - r) *4 

+2p$iQ - (2/3 - 2a + i^) $20 - 2z^$ii + 2 A$i2 + 2 (7 + 71- p) $2i-t$22 
0*4 - 5(*3 + $21) + A$2o = -3 A*2 + 2q:*3 +p*4 (EM. 18) 

+2i^$io - 2 A$ii - (27-27 + 71) $2o-2(T-a)$2i+CT$22 

These equations have to be augmented by the "reduced Maxwell" equations which read as 

A(j)o - 5</ii = (2 7 - p) 00 - 2 T 01 + cr 02 (EM.19) 
A01 + D01 - S(j)2 - 500 = (i^ - 2 a) 00 + 2 (p - p) 01 - (r - 2 /3) 02 (EM.20) 
D02-501 = -A0o + p02. (EM.21) 

It can be proved, completely parallel to the argument outlined in Subsection l5.2l for the vacuum 
case, that (EMI) - (EM21) comprise a determined system for the "21-dimensional" vector valued 
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variable 

V^,, = (C^, uj, X^, U; p, cr, T, a, /3, 7, A, v; *o, ^i, *2, ^-3, 1-4; <^o>i, ^2) ■ (7.5) 

These equations can also be shown to be "as good as" the full set of the Newman-Penrose and Maxwell 
equations. Moreover, when written out these equations in Gaussian null coordinates (u, r, cc'^, x^) 
they possess the form of a first order quasilinear symmetric hyperbolic system, i.e., it can be justified 
that they read as 

{K,,r -8,^,,,+^,,,^^, (7.6) 

where the matrices (A^^^^-)^ and B^^^- smoothly depend on V^J^J and V^.^^, moreover, the matrices 
(A^jj)^ are Hermitian and the combination (A^J^J)^(r^p + l^) is positive definite. 

In addition, it can also be shown that the reduced set of initial data includes, beskies the usual 
data relevant for the vacuum configurations, the value of the cosmologkal constant, A — — 6A, and 
the specification of the Maxwell spinor components 02 on Tii, (j)^ on 7^2 and at the bifurcation 
surface, Z, i.e. it is given as 

(V,m)S'' = {P> ^> A*, A, T ; </)i}|5 U {vl'4; 02}|^^ U {vfo; ^o}!,^, U {A G M} . (7.7) 

It is straightforward to justify that all the results of Section lSTD generalise to the electrovac case, 
whence, by summarising all the above claims, the following statement can be shown to be true. 

Theorem 7.1 In the characteristic initial value problem to any 'reduced initial data set', {^em)o'^'^ > 
on Hi UH2, there always exists a unique solution, V^^j^, everywhere in the domain of dependence of 
Hi U H2 to the electrovac Einstein- Maxwell equations. 

The determination of a full initial data set (V£.„)o on Hi U H2 can be done completely parallel 
to the construction applied in Subsection l5.4l The relevant results are collected in TablelH below. 

In the electrovac case most of the results which have been derived previously only for the vacuum 
case, remain valid with some slight modifications. For instance, the counterpart of Theorem lG.ll can 
be formulated as. 

Theorem 7.2 Consider a spacetime (M,gab) of type B and with a non-degenerate (future) event 
horizon N . Then, both the spacetime metric gab and the electromagnetic field are uniquely determined 
in the black hole region once the 2-metric of the space, Z, of Killing orbits on Af, as well as, the 
electric potential (j)i are fixed on Z. 

Completely parallel to the analysis carried out in Subsection l5.4[ by making use of the fact that R"" 
is a horizon Killing vector field on (M, gab) and by applying the null rotation (|6l2p also to the variables 

0ij 02 — yielding the transformed "hatted" variables given as 0o = ^~^0Oj 0i — 0ij 02 — ^02 — a 
system of quasilinear first order PDEs can be derived for the "hatted" version of the variables in 
V^„. In this case two of the "hatted" version of the field equations, the ones which can be derived 
from (EM. 14) and (EM. 19), get to be irregular at the horizon, the latter possessing the particular 
form 

?7 • f)0o + ^^asA0o - -501 = (27 - A)<^o - 2f 01 + CT02 • (7.8) 
Nevertheless, the following analog of Theorem l6.2l can also be proved. 

Theorem 7.3 Suppose that {M,gab) is a spacetime of type B so that the (future) event horizon Af 
is non-degenerate. Assume that the spacetime {M,gab) and the event horizon Af are both analytic. 
Then, both the spacetime metric gab and the electromagnetic field are uniquely determined in a 
neighbourhood of Af on the domain of outer communication side once the 2-metric of the space of 
Killing orbits on Af, as well as, the electric potential 0i are fixed on Z. 
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Z 


^2 


p -It • (*2 + 2A) 


p = 


p=0 


/i = 


fi = 


= r • (*2 + 2A) 


(T = A = r = 


(7^ X = T = 


cr = A = r = 


Aa = A/3 = 


a,l3 : r = a + /3 = 


Da = D/3 = 


A*2 = 


e^,0i,A&a,/3^*2 


0*2 = 




00 = 


00 = 


A01 = 


01 


D01 = 


(^2=0 


02 = 


02 = r • 901 




*o = 


*o = 


= U • 3\I'2 


*i = 


*i = 




*3 = 


^ r ■ 


*4 = 


*4 = 


*4 = ir2g2*2 


(gauge) t^ = 


1^ = 


= ir^ . (9*2 + 2 901-07) 


(gauge) 7 = ^ 


7 = ^ 


7 = r • (*2- A + <I>ii) 



Table 2: The full initial data set (Vem)o relevant for a stationary electromagnetic black hole spacetime, on 
the intersecting null hypersurfaces Hi U 7^2. 

The most significant difference which shows up in the related analysis is due to the presence of a 
non-zero cosmological constant, A = — 6A. To have a specific example consider the expansion of the 
3-parameter null geodesic congruence with tangent pointing towards the direction of the domain of 
outer communication, Vj^/, at Af. In virtue of Lemma lSTSl and TableO to guarantee the expansion 
of this null geodesic congruence to be non-negative everywhere on J\f the value of the cosmological 
constant A (in our signature) has to be adjusted so that the inequality *2 + 2A < 0, or equivalently 
3 *2 < A, be satisfied throughout Af. 

8 Final remarks 

In this paper some of the generic properties of stationary distorted black hole spacetimes were 
investigated. We would Hke to emphasise again that while all the previous investigations related to 
distorted black hole spacetimes were restricted (almost) exclusively to the static axially symmetric 
vacuum configurations the geometrical framework introduced in this paper is suitable to investigate 
all the possible stationary electrovac distorted black hole solutions. 

Recall that the event horizon, Af, of a generic distorted black hole spacetime is a "Killing horizon" 
thereby the null geodesic generators of A/" are expansion and shear free. Accordingly, all of these 
spacetimes are also spacetimes with an '^isolated horizon" the concept of which were introduced 
(and evolved) by Ashtekar and his co-workers (see Refs. [D El ISl S]). It is important to emphasise, 
however, that in spite of the great variety of the possible distorted black hole spacetimes — since they 
all possess "the horizon Killing vector field" — they form merely a special subclass of spacetimes with 
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an isolated horizon. 

Since the spacetimes investigated in this paper are "black holes" it is of obvious interest to know 
whether the laws of black hole thermodynamics could be also derived in context of the distorted 
black hole spacetimes. In this respect let us mention first that the very same question had been 
answered in the confirmatory in case of static axially symmetric vacuum distorted black holes by 
Geroch and Hartle |28] . Thereby, it is quite conspicuous to assume that the analogous investigations 
can be done — although it was not attempt to be done in the present paper — in context of generic 
distorted black hole spacetimes even though the dimension of the spacetime might be larger than four 
or there is a higher variety concerning the topology of the event horizon (for analogous investigations 
applicable in case of 4-dimensional black hole spacetimes with toroidal or higher genus horizons see, 
e.g., [6], for relevant higher dimensional studies see also [5]). 

As an immediate support of the idea that the laws of black hole thermodynamics can probably 
be recovered in case of generic distorted black hole spacetimes recall first that Lemma 4.2 of the 
present paper does, in fact, formulate the content of the relevant '^zeroth latif'. In addition, as already 
mentioned above, the distorted black hole spacetimes do also fit into the framework of spacetimes 
with an isolated horizon within which framework the basic laws of black holes mechanics had been 
suitable re-formulated and generalised according to the needs of the underlying more generic setting 
(see, e.g., [Sjll]). Thereby we expect that the analogous investigations could also be carried out 
within the framework of the distorted black holes although this should be done so that the usual 
assumptions concerning the asymptotic behaviour of the underlying spacetimes are also weakened 
suitably. 

In this respect let us mention finally that the event horizon of a distorted black hole is a lo- 
cal causal horizon, in the sense described by Jacobson and Parentani [38|- Therefore, one would 
expect that a meaningful notion entropy could also be associated with distorted black holes. This 
expectation is also supported by the success of CarHp's proposal which assigns entropy to a black 
hole by making use of its asymptotic near-horizon conformal symmetry [HI [9]. (For some related 
classical investigations see also Refs. [43t l44j I40j.) Since Carlip's approach does not rely on the 
global properties of the spacetime it may also be applicable in case of distorted black holes. 

Recall that the "isolated" asymptotically fiat or asymptotically (locally) anti-de-Sitter stationary 
electrovac black hole spacetimes are also included by the set of distorted black hole spacetimes 
investigated in this paper. This set is significantly larger than that of the isolated black holes since 
we have not required "a priory" any sort of asymptotic properties to be possessed by the investigated 
distorted black hole spacetimes. Our main result suggests that the geometry of any 4-dimensional 
electrovac distorted black hole is uniquely determined by the geometry of the bifurcation surface, 
along with the specification of the electromagnetic field there. Thereby, one would expect that 
by integrating the field equations outward one should be able to recover the asymptotic region of 
the "isolated" black hole spacetimes, as well. In this respect it would be important to find the 
precise selection rules determining the "isolated" black hole configurations, in terms of the data 
freely specifiable at the bifurcation surface. Obviously, the identification of these conditions would 
offer more insight into machinery of the black hole uniqueness argument — which might be useful to 
have, especially, in case of higher dimensional black hole spacetimes — whence the investigation of 
this issue would definitely deserve further attention. 

Concerning the generic distorted black hole spacetimes either of the following two complementary 
cases may occur. The null geodesic congruences transverse to the future event horizon Af of the 
black hole are non-contracting everywhere towards the domain of outer communication, Vj^, or 
they might contract locally. In the former case the cross-sections of N may be considered as being 
"convex" everywhere while in all the other cases they become locally "concave". Whenever a cross- 
section is locally concave the associated elementary spacetime region cannot extend to an asymptotic 
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region. We would like to mention that those distorted black hole spacetimes with locally concave 
cross-sections may also be considered as being "rumpled hairy" black holes by adopting the concept 
that a fibre of their hair is represented by a past directed null geodesic while the entire hair of such 
a black hole is represented by the {n — l)-parameter family of null geodesic congruences starting at 
the points of the (future) event horizon A/" with past directed null tangent vector field — 

According to this picture even the isolated, i.e., asymptotically fiat or asymptotically (locally) 
anti-de-Sitter, stationary electrovac black holes — which have been considered for long to have "no 
hair" — get to be hairy, although, their hair is perfectly set. Notice, however, that the set of distorted 
electrovac black hole spacetimes with convex cross-sections has to be larger than that of the isolated 
stationary electrovac black holes. This set should contain, e.g., all of those configurations for which 
the null geodesic intersecting the future event horizon Af transversely are past geodesically complete 
in the domain of outer communication. In virtue of the black hole uniqueness results (at least in 
the 4-dimensional case) the corresponding spacetimes cannot be asymptotically fiat but either of 
the following two cases may happen. The topology of the cross-sections of the event horizon is 
that of a 2-sphere but the geometry does possess an asymptote different from that of the isolated 
configurations or the cross-sections possess non-spherical topology. In the later case a large variety 
of asymptotic structures may occur — the possibility of which had been noticed long time ago first by 
Newman and Unti (see the discussion part of [46j) — since, in principle, there should exist spacetimes 
admitting future null infinity with topology J^^ ^ Rx Z. The asymptotic symmetries of spacetimes 
with non-spherical sections were investigated by Foster [15], while expHcit examples with toroidal 
sections were constructed by Schmidt [57]. Clearly a lot of interesting related issues have been 
remained open which would also deserve further investigations. 

Let us finally mention that, in virtue of all the above discussions, it seems to be quite appropriate 
to think of the bifurcation surface of a generic (non-degenerate) 4-dimensional electrovac distorted 
black hole as the unique compact "carrier" of the preimage of the entire associated elementary 
spacetime region, which can be "built up" by making use of the field equations once the carrier is 
provided. In this respect we may also think of the bifurcation surface of an isolated black hole as a 
"holograph" storing all the information concerning the associated stationary black hole spacetime. 
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